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1. INTRODUCTION 
The present paper develops differential inequalities for the semilinear 
hyperbolic system 
with initial condition U(T,, , x) = D(x) for x in a given interval 1. Szarski [l] 
gives differential inequalities for (1 .l) with the restriction that U, and U, 
are continuous on a domain of determinacy with initial curve I. In 1948, 
Friedrichs [2] introduced the concept of a solution to (1.1) in a wider sense; 
a continuous vector-valued function is a solution in the wider sense if the 
components ui of U satisfy the integral equations 
for 1 < i < N, where Xi(7, t, x) is the i-th characteristic through (t, x) 
and where 7 is a parameter along this characteristic. Since solutions in the 
wider sense need not have continuous derivatives U, and U, , the inequalities 
developed by Szarski do not apply to these solutions. For each component 
ui of U the restriction of ui(t, x) to the i-th characteristic Xi is continuously 
differentiable and satisfies the ordinary differential equation 
& @(T, t, x) = F*(T, Xi(T, t, x), V(T, t, x)), U-3) 
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where ui(r, t, X) = C’(T, Xi(7, t, x)) and \I :h ere uii is the i-th component 
of CTi. Since t and x are merely parameters in (1.3), the usual techniques 
for developing differential inequalities for systems of ordinary differential 
equations [3] can be applied to it; in Section 3 these techniques are applied 
in order to obtain differential inequalities for solutions of (1.1) in the wider 
sense . . 
I,angan [4] provides sufficient conditions on F for the existence of not 
necessarily unique solutions of semilinear hyperbolic systems. It is meant 
hcrc as in the sequel that the solution is in the sense of Friedrichs. Previously 
Sat6 [5] proved that if .f(.$, 7, y) is a continuous function monotonically 
increasing in ~7, then the nonlinear hyperbolic equation 
u En = f(EY ‘I, 4 (1.4) 
has a maximum solution to the initial value problem. On the other hand, 
\Valter [6] constructed a nonmonotonic bounded continuous f for which 
a maximum solution does not exist. Since Walter’s example can be written 
in the form of (I .I), it provides an example of a semilincar system for which 
no maximum solution exists. In Section 4 sufficient conditions for existence 
arc combined with the conditions on F from Section 3 to obtain sufficient 
conditions for the existence of a minimax solution to (I .2). 
2. PRELIMINARIES 
In the sequel I;(& X) is an N-dimensional vector-valued function defined 
on a subset S of 2-dimensional Euclidian space E2; the components of C 
are dcnotcd by u,(t, CC) ,..., z+(t, LX). The matrix A(t, x) is a diagonal matrix 
of A’ nonzero continuous functions &(t, x), and F(t, J, Y) is a continuous 
1V-dimensional vector defined on 9, a subset of S x I+“. The set 9 is taken 
as arbitrary except in Section 4 where it will be specified. 
The solution of the ordinary differential equation 
dz/dT = L&(T, z) (2.1) 
through the point (t, x) of S is denoted by <Y~(T, t, X) for i -- I,..., LV. It 
is assumed that conditions on the matrix A are such that the solution 
Xi(~, t, X) is a continuous function of (T, t, X) and is uniquely defined for 
every (t, X) in S. Furthermore, (T, Xi(7, t, x)) is assumed to be in S for 
T,, :s> T $-( t if t > T,, or for t < 7 < To if t < T,, . If these conditions 
on Xi are satisfied for each i, 1 < i -5: N, if S is a simply connected region 
and if the set I = {(t, X) E S 1 t = T,,} is an interval, the set S is said to be 
a domain of determinacy for (1.1) or is simply called a domain of dcterminacy. 
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The left and right hand derivatives of the restriction of ui to the i-th 
characteristic are defined as follows: 
Di-“j(t, x = /iT{[Uj'(t .j' h9 t, X) - Uj(t, X)]ih} 
and 
D&4j(Z, x) 7 li,li+{[uj”(t f h, t, x) - Iqt, x)]/h}. 
Since only D,-u, and Di+ui are used to develop the differential inequalities 
for the vector function U(t, x), these will be the only left and right hand 
derivatives which are assumed to exist. In particular, for all i, 1 < i 6 N, 
Di-ui is assumed to exist for To < t and Bi+u, exists for t ,( T,, . 
In the sequel the following subscript convention will be adopted to avoid 
repetition: 
i ranges over the integers 1, 2 ,..., N, 
k is an integer with 0 < k < N, 
p ranges over the integers 1, 2 ,..., k, 
q ranges over the integers k + 1, k + 2 ,..., N. 
The following sets will also be used frequently: 
i. s” = ((t, X) E E2 ] T,) < t < T), 
ii. ST - {(t, x) E EZ 1 To < t < T}, 
. . . 
111. S;m ‘.= ((t, x) E E2 1 T, < t < T), 
iv. For = :: {(t, x) E E” 1 To < t < T}, 
v. K,,, = {(t, x) ES, j X,(t, 0, -m) < x < &(t, 0, m)}, 
where T and I;, are given real numbers and m is an integer. In dealing 
with the strip S;, , it is assumed that &(T, t, X) is a continuous function 
on [0, T] x Sr. for all i and is a unique solution of (2.1) through (t, x) at 
7 = t. 
If 
with A, # A, and with both A, and A, Lipschitz continuous with respect 
to X, K, is a domain of determinacy [4]. 
DEFINITION 2.1. Let U(t, X) be a continuous N-dimensional vector- 
valued function on the domain of determinacy S. The function U(t, x) is 
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said to be a K-under (N - k)- over function with respect to the hyperbolic 
system (1.2) if on S for t > T,, 
and, for t -= ?;, , 
If C’ satisfies the reverse inequalities, it is a k-over (X - k)-under function. 
For t < TO , I),, and D,.:. are used and I), .u,(T,, , X) and D,-u,(T,, , x) 
must also satisfy the inequalities. 
DEFINITION 2.2. An under function is a N-under O-over function; an 
over function is a O-under N-over function. 
DEFINITIOX 2.3. The vector-valued function P(t, X, Y) is said to possess 
a mixed quasi-monotone property of order Iz on 9 if the following conditions 
hold for (t, X, Y) E 9: 
(a) F,(t, X, Y) is nondccreasing in yj , 1 S: j < k, j # p, and non- 
. . 
mcreasing in yu ; 
(b) F,(t, X, Y) is nonincreasing in yv and nondecreasing in yj , 
k -I- 1 < j .< N, j # q. 
3. SEMKINEAR HYPERBOLIC SYSTEMS 
Although the theory of the present section is developed for the strips 
S, and Sr, it is based on proving the inequalities for the compact domain 
of determinacy K,,, . This proof uses no other special property of K, ; 
hence, the inequalities of this section are applicable on any compact domain 
of determinacy. 
THEOREM 3.1. Let 
(a) F(t, x, U) possess a mixed quasi-monotone property of order Iz on 9; 
(b) (t, x, V(t, x)) and (t, x, W(t, x)) be in 9 for all (t, x) in ST ; 
(c) at t == TO the components vi and wj of the vectors V and W, 
respectively, satisfy 
v,(To ,4 -=c QT,, 4 
v,(To > 4 > Y#“,, ,4 ; 
(3.2) 
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(d) the following inequalities be satisjied: 
Dy--ZI&, x) :< F&, x, V(t, x)), 
n&t, x) > F,(t, x, w, x)), 
Ds-W&, ‘q > F:,(t, x, qt, x)), 
D*$.u*(t, x) < F& x, W(t, x)). 
Under these conditions it follows that on S,. , 
Proof. Define 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
and 
Q,(t, 4 = w,(t, x) qt, x), 
Q,(f, x) =- z*(t, x) - w&, L-c). 
BY (3.2) 
Q(T,, Lx) :> 0. (3.8) 
Suppose the assertion (3.7) is not true; in this cast, there is an integer A’ 
such that for m > .X the set 
z,n =: (j (t E [To ) TJ I &(t, x) 2; 0, (t, x) E K,“) 
i4 
is nonempty. Set Tm .= inf Z, . By (3.8), the continuity of the components 
Q,(t, x), and the compactness of K,,, , T,, > TU ; moreover, for a given m, 
there is an x and a j such that 
Qj(Tm ( x) := 0, (3.9) 
and for i #= j 
a,(?;, , x) ;a 0. (3.10) 
For sufficiently small h < 0, the point (T, +- h, Xj(T,n + h, T,,‘ , x)) belongs 
to Km ; moreover, from the definition of T,,, it follows that 
[Qj( Tm i- h, xj( Tm + h, I:, 3 x)) - Qj( Tm 9 x)/h] < 0. 
Hence, 
lIj-L’,(T, , x) < 0. (3.11) 
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Suppose that 1 3; j -< h; then (3.11) together with (3.3) and (3.5) yields 
Fj(Tm , Iv, W(7; , X)) < Fj(Yb,, , X, V(T,, , X)). (3.12) 
The mixed quasi-monotone property of F(t, x, Y) in Y together with (3.9) 
and (3.10) yields 
I+-,( T,,, , x, W( Ttn ) x)) 3 Fj( Y’“, ) x, V( 11 ) Lx)). (3.13) 
This inequality contradicts (3.12). Moreover, a similar contradiction is 
reached for k -+ 1 -::: j << N. The contradictions are avoided, if the set X, 
is empty; since m was arbitrary, Qj(t, x) > 0 for all (t, x) E Sr and (3.7) 
holds on S, . 
COROLLARY 3. I. Let F(t, x, Y) satisfy a mixed quasi-monotone property of 
order i\j on 9, and let condition (b) of the theorem be sati.$ed. If 
and 
on S, for p = I,..., N, then V(I; , z) < W( T,, , x) implies V( t, x) < W(t, x) 
for all (t, x) in S, . 
Remark 3.1. The proof of the theorem remains essentially unchanged 
if the inequalities (3.3)-(3.6) are replaced by 
Do-zx,(t, x)< F,(t, x, v(t, x)), 
D,-z;(t, x> 2 F&t, ‘% V(4 x)), 
Dp-Wp(f, 4 3 J-,(4 x, w, x)), 
IA..w,(t, x) < F,(t, x, W(t, x)). 
Remark 3.2. In Theorem 3.1 the left derivative D+ may be replaced 
by either the Dini derivative 
or by the Dini derivative 
li,m,i_nf{[uj’(t $ h, t, x) -- Uj(t, x)]/h}. 
-i 
COROLLARY 3.2. Let the conditions of Theorem 3.1 hold with ST replaced 
by 9. If the characteristics are defined on S, , then (3.7) holds on S”. 
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Proof. Ry the theorem, (3.7) holds on 
for every m. Since for any (2, x) E ST there is an integer m such that 
(t, x) E STT-(l!m) , (3.7) must hold at every (t, x) E s”. 
THEOREM 3.2. Let 
(a) V(t, x) be a k-under (N - k)-over function with respect to the 
semilinear hyperbolic system (1.2); 
(b) W(t, x) be a k-over (N - k)-under function with respect to the 
same problem; 
(c) F(t, x, Y) have a mixed quasi-monotone property of order k; 
(d) the characteristics be defined on S,. and for every integer m let K,,, 
be a domain of determinacy; 
(c) U(t, x) be a solution of (1.2) on ST; 
(f) V(T,, x) =- U(T,, x) = W(T,, x). (3.14) 
L’nder these assumptions, 
and 
v&, 4 < Uy(4 4 < w&, 4 (3.15) 
v&t, x) > u&t, x) > w,(t, x) (3.16) 
(,,, STo’ 
Proof. Since V is a k-under (h’-- k)- over function and W is a k-over 
(TV - k)-under function, for t > 7; 
~n-v,(t, 4 < F,(f, x, v), 
Qp~,,;,(t, x) > F&f, x, v), 
&w,(t, x) > F&, x, W), 
n,-w&, x) < F*(t, x, W). 
Moreover, since U is a solution of (1.2) on s”, 
I&u,(t, x) = lim(l/h)[u?i(t + h, t, x) - uj(t, x)] 
= $it- UP4 1” Fi(a, ,&(a, t, x), Uj(u, t, x)) da 
- tth 
= F& xj(t, t, x), iY(t, t, x)) 
= Fj(t, x, U(t, x)). 
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Now suppose there is a T,, , T, < T,, < T, such that (3.14) and (3.15) 
hold on SF;% n K,,, . Then for (7’,, , x) E K, 
By a slight modification of Corollary 3.2 the inequalities (3.14) and (3.15) 
hold on Sgn, n K,,, ; hence, they hold on 9’0~ n K,, if they hold on Sp n K,, ‘II 
for some T,,, > 7;). 
Set 
and 
Q,(t, x) - : u&t, x) - v*(t, x) 
sqt, x) = w,(t, x) - u*(t, Lx). 
By (3.14), Qj(T, , x) = 0. Since V is a k-under (N - k)-over function, 
D,+Q,(T, , x) = .- DPiU,(TO , x) - Dp+7Jp(T0 ) x) 
> F3(T",X, Ly?;,x)) -F,(7\,x, V(T,,x)) == 0, 
where the last equality follows from (3.14). A similar argument holds for 
the q-th component; hence for 1 <j < hr 
DjyQj(T~) X) > 0. (3.17) 
Since Qj is a continuous function on the compact set K,, n S, , where 
T = s(T - T,), it is uniformly continuous on this set; hence, there is a 
Tj .< T such that Qj(t, x) > 0 on STj . Choose T,,, .= minIG,,, Tj ; it 
follows that Qj > 0 on STm n K,,, . 
A similar argument for the functions 
s$*(t, x) = wJt, x) - up(t, N), 
q*(t, x) == u*(t, x) - w&t, A”) 
yields ,Q]*(t, x) > 0 on S,*. nK,forl :<j<iXandforT,<T,,,*< T. 
Choose T, :-= min(T,, I’,*); then (3.15) and (3.16) hold on S’g; n K, . 
From the first part of the proof it follows that (3.15) and (3.16) hold on 
907‘ n K . Since m was arbitrary and since for every (t, x) in ST there 
is an m s:ch that (t, x) E s“ n K,,, , the inequalities (3.15) and (3.16) hold 
on SToT. 
COROLLARY 3.3. Let V be an under function with respect to the initial 
value problem (1.2), and let W he an over function with respect to the same 
problem. If the other conditions of Theorem 3.2 hold, then 
V(t, x) < V(t, x) < W(t, x) 
on SToT. 
THEOREM 3.3. Let 
(a) F(t, x, Y) and G(t, x, Y) be continuous sector-raluedfunctions on .9 
with either F or G possessing a mixed quasi-monotone property of order k; 
(b) F,(t, x”, k’) < G,(t, x, Y), 
F&t, x, J’) > W, x, Y); 
(c) (t, x, L!(t, x)) and (t, x, V(t, x)) be in 9 for all (t, x) in ST; 
(d) U(t, x) be a solution of the semilinear system 
v, + A(t, x)Vz =-z F(t, x, U) 
on s“ with U(lg , x) -- Q(x); 
(e) V(t, x) be a solution of thz semilinear hyperbolic system 
V, -1. A@, x)V, = G(t, x, V) (3.18) 
on ST; 
(9 u,(To 7 4 < s(To > 4, 
u,(T,, ,x) > dTo, 4. 
Under these assumptions, 
and 
f~ all (t, x) E ST. 
Proof. If F satisfies a quasi-monotone property of the k-th order, V is 
a k-over (IV - k)-under function with respect to (1.2) on 9’. The conclusion 
then follows from Corollary 3.2. On the other hand, if G satisfies a quasi- 
monotone property of order k, 17 is a k-under (X -. k)-over function for 
(3.18); hence, the conclusion again holds by Corollary 3.2. 
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4. iLhIMAX SOLUTIOSS 
Let /l represent the set of all functions U(t, x) continuous on the domain 
of detcrminac): S with ! ui 1 2:: ML , i = I,..., X, where M is a given constant 
vector. The operator FX is defined on the set A by 
‘j~uF,(u, x,@, t, x), C’(a, t, x)) da -‘\ 
. . . 
F,[L’](t, x) .- jlo Fi(a, Xi(U, t, x), CTi(a, 1, x)) da 
I 
. (4.1) 
. . . 
-t 
J 
FM(U, XN(U, 1, x), uyu, t, x)) du 
\. To 
L~FIKITI~S 4.1. The operator FX is said to be quasi-equicontinuous if 
every sequence {U,,} in A, for which the sequence of continuous functions 
{C, -- FX[U,,]) converges uniformly on S to a continuous function, is a 
sequence of cquicontinuous functions. 
DEFINITION 4.2. The operator Fx is quasi-equicontinuous on Sr or ST 
if F, is quasi-equicontinuous on every compact domain of determinacv 
contained in S, or ST respectively. 
‘I’he following examples of quasi-equicontinuous operators are taken 
from [4], where other examples can also be found: 
l~XAMIP1.~ 4.1 . Let S be a compact domain of determinacy for (1.2) 
with A constant, and for each j, 1 <j z< N - I, let F3(t, x, Y) be Lipschitz 
continuous with respect to the first (IV - 1)-components, yr ,..., yX-r , of k’. 
If F,,,(t, X, I’) is Lipschitz continuous with respect to yX and if X, is distinct 
from the other characteristic families then Fx is a quasi-equicontinuous 
operator. 
EXAMPLE 4.2. Let S bc a compact domain of determinacy for the 
semilinear hyperbolic system 
z+t -.. c 122 = W, xv WI, 
‘~2t + ~2% = G,(t, x, V, W), 
w, -- w, = H(t, x, v, W), 
a-here F .- (W1 , 41~) and where W is an (N - 2)-dimensional vector. The 
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vector G = (G, , GJ is a continuous vector-valued function on 9; the 
component Ge satisfies the Lipschitz condition 
I G&, x, y1 , yz’, Y’) - G(t, x, ~1 ,~2 , Y’)l G L 1~2’ - ~1 I 
for every pair (t, x,yr ,~a’, Y’) and (t, x,y, ,y2, Y’) in 9. Y’ denotes the 
remaining N - 2 components of the vector Y. The (IV - 2)-dimensional 
vector H is a continuous vector-valued function on the compact set .9 and 
satisfies a Lipschitz condition with respect to W. The operator Fx is quasi- 
equicontinuous. 
THEOREM 4.1. Let 
(a) F(t, x, Y) be continuous and bounded by iVlF on the set 9, where 
3 = {(t, x, Y) E ST x EN, j yi 1 < I%&}; 
(b) F, be quasi-equicontinuous on the strip S,. ; 
(c) Q(x) be a continuum N-dimensional vector-valued function dejined 
on (--03, cc) with 
Ti x {[Mi - SUP 1 @i(x),]/M~} > 0. 
Under these conditions there exist a T’ > 7; and a continuous vector-valued 
function Li satisfying the integral equations 
U(t, x) = @(X(T,, , t, x)) + FJU](t, x) 
on ST, . The constant T’ is given by 
T’ = mjkN(Ti, I’). 
1. 
For a proof of this theorem see [4]. 
DEFINITION 4.3. Let R(t, x) be a solution of the hyperbolic system (4.2) 
on ST. If for every solution U(t, x) of (4.2) on ST the inequalities 
U&, “4 G R,(t, 4, 
ug(t, 4 3 %(t, 4, 
(4.3) 
or the inequalities 
up(t, 4 2 &I(4 x), 
u,(t, 4 G %(t, x), 
(4.4) 
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are satisfied on ST, then H is called a k-max (N -- k)-mini solution or a 
k-mini (K -- k)-max solution of (1.2), respectively. In either case it is said 
to be a minimax solution of the k-th order. 
DEFINITION 4.4. Let U(l, X) be a X-dimensional vector-valued function 
on S. A scqucnce C;,(t, X) is said to converge compactly to 1,: on S if fol 
every compact set KC S, CT, is defined on K for sufficiently large n and 
C’,(t, X) -* U(:‘(t, X) uniformly for (t, X) E K. 
For examples of sequences which converge compactly see Strauss and 
Yorke [7]. 
The following theorem from [4] is used in proving the existence of a 
minimax solution: 
TI-IEOREM 4.2. Let 
(a) F, be quasi-equicontinuous on 9’; 
(b) (U,(t, x)} he a sequence of vector-valued functions with l/, defined 
on s, n where T,, + T in the limit as n --+ mo; 
(c) {L’,, - I’,[ U,,]> be a sequence of continuous vector-valued functions 
converging compactly on S, to @(X(0, t, x)); 
(d) X(T, t, x) is such that K,, is a domain of determinacy for every 
integer m. 
Under these conditions there is a subsequence of {l:,)) which converges compactly 
on ST to a solution of (4.2). 
‘lh0~131 4.3. Let 
(a) F(t, x, Y) be continuous and bounded by M, on the set -9; 
(b) F(t, x, Y) satisfy a mixed quasi-monotone property of order k; 
(c) Fx be quasi-equicontimwus on the strip S,. ; 
(d) CD(X) be a continuous X-dimensional vector-valued function defined 
on(-m, oo)with 
Ti {[A!li - sup 1 @i(x)‘],!(M, -: I)} > 0 
for 1 >$ i < N; 
(c) the characteristics are such that for every integer m the set K, is a 
domain of determinacy. 
Then, there is a k-max (X - k)- mini solution and a k-mini (lZr - k)-max 
solution of (4.2) on ST’. I” is the constant given in Theorem 4.1; that is, 
jOj!I2/1-1 I 
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Proof. Consider the system of equations 
u, -1. ‘flu, = qt, x, U) + Y,L 
together with the initial conditions 
U(T, , x) = @(x) + Y, ( 
(4.5) 
(4.6) 
where the vector Y,, is given by 
Y -= l/n, 
Y; -= -l/n. 
There is an m > 0 such that for every i, I < i < IV, 
{[M, - sup I @<(.%)I - (2/m)]((M, + I)} > 0; 
hence, by Theorem 4.1 for 71 > m there is a solution CT,, of (4.5) on J;, 
satisfying (4.6), where 
NOW 
U,,(t, x) - 3-J C#, x) = @(X(0, t, x)) -- [I j- (t - T(J]Y, . 
Since (t - Ta) < T’ - r,, on S,, , {U, - F,[U,]} converges compactly 
on ST, to @(X(0, t, x)); hence, by Theorem 4.2 there exists a subsequence 
of U, which converges compactly on ST’ to a solution R(t, x) of (4.2). 
For any integer I and for any (t, x, Y) E 9, 
Fp(t, .r, Y) < I;p(t, X, Y) i Y,, , 
I;&, x, Y) > Fp(t, x, Y) + Y,, . 
If T:‘(t, x) is a solution of (4.2) on S7”, then it is a solution on STm, and for 
any n > m, UJt, x) is defined on STm. From the initial conditions 
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on STm; hence, on STnr, 
where { C,z ) is a subsequence of {G,,} which converges to H on ST’. Since 
m is arbitr’ary and T,,, -+ T’, R(t, X) is a k-max (.V - - h)-mini solution of 
(4.2) on s”. 
‘I’he existence of a k-mini (IV - k)- max solution can be established by 
changing the signs of Yjn and proceeding along similar lines. l’his proves 
the theorem. 
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